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For two complex numbers x and q, the q-shifted factorial of xwith base q is defined by
(x; q)0 = 1 and (x; q)m =
m−1∏
n=0
(1− qnx), form = 1, 2, . . . .
When |q| < 1, the following products of infinite order are well defined:
(x; q)∞ =
∞∏
n=0
(1− qnx) and 〈x; q〉∞ = (x; q)∞(q/x; q)∞.
For the sake of brevity, define the following product notation:
〈α, β, · · · , γ ; q〉∞ = 〈α; q〉∞〈β; q〉∞ · · · 〈γ ; q〉∞.
Throughout the paper, we shall appeal to the celebrated Jacobi triple product identity [7, Section 1.6], [9]
(q; q)∞〈x; q〉∞ =
+∞∑
n=−∞
(−1)nq( n2 )xn,
and Liouville’s theorem: Every bounded entire function is constant.
Theorem 1 (Hirschhorn [8]: The Septuple Product Identity).
(q; q)2∞〈x; q〉∞〈x2; q〉∞ = (q5; q5)∞〈q2; q5〉∞
+∞∑
n=−∞
(−1)nq 52 n2{x5nq− 32 n + x5n+3q 32 n}
− (q5; q5)∞〈q; q5〉∞
+∞∑
n=−∞
(−1)nq 52 n2{x5n+1q− n2 + x5n+2q n2 }.
This is one of the very important theta function identities, which was first discovered by Hirschhorn [8] in 1983, and then
subsequently rediscovered by Farkas and Kra [4] in 1999. For more proofs and generalizations, the reader can refer to Chan,
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Liu and Ng [1], Chapman [2], Chu and Yan [3], Foata and Han [5], Garvan [6], Kongsiriwong and Liu [10] and so on. Here we
will present a new proof of it by means of Liouville’s theorem and the log-derivative method.
Proof. Define F(x) = G(x)/H(x),where G(x) and H(x) are expressed as
G(x) = (q5; q5)2∞
{ 〈q2, qx5; q5〉∞ + x3〈q2, q4x5; q5〉∞
−x〈q, q2x5; q5〉∞ − x2〈q, q3x5; q5〉∞
}
,
H(x) = (q; q)2∞〈x; q〉∞〈x2; q〉∞,
the right and left hand sides of Theorem 1, respectively. Since
G(x) = −qx5G(qx) and H(x) = −qx5H(qx),
it follows that
F(x) = F(qx) = F(q2x) = · · · .
On the other hand, possible poles of F(x) are given by zeros of H(x), which consist of x = ±q n2 with n ∈ Z. However,
G(±q n2 ) = 0 for n ∈ Z, justified by G(±1) = G(±q 12 ) = 0 due to the two relations G(x) = −qx5G(x) and 〈x; q〉∞ =
(−1)nq( n2 )xn〈qnx; q〉∞.
Noting that x = qn is a double zero of H(x), we need to check G′(qn) = 0. Since the function G(x) satisfies G(x) =
−qx5G(qx), to prove that G′(qn) = 0 it suffices to prove that G′(1) = 0. Using the method of logarithmic differentiation, we
have
G′(x) = I1(x)+ I2(x),
where
I1(x) = 5(q5; q5)2∞〈q2, qx5; q5〉∞
+∞∑
k=0
{
q5k+4/x6
1− q5k+4/x5 −
q5k+1x4
1− q5k+1x5
}
+ 5(q5; q5)2∞〈q2, q4x5; q5〉∞
+∞∑
k=0
{
q5k+1/x3
1− q5k+1/x5 −
q5k+4x7
1− q5k+4x5
}
+ 3x2(q5; q5)2∞〈q2, q4x5; q5〉∞,
I2(x) = 5(q5; q5)2∞〈q, q2x5; q5〉∞
+∞∑
k=0
{
q5k+2x5
1− q5k+2x5 −
q5k+3/x5
1− q5k+3/x5
}
+ 5(q5; q5)2∞〈q, q3x5; q5〉∞
+∞∑
k=0
{
q5k+3x6
1− q5k+3x5 −
q5k+2/x4
1− q5k+2/x5
}
− (q5; q5)2∞
(〈q, q2x5; q5〉∞ + 2x〈q, q3x5; q5〉∞) .
After some computation, we derive
I1(1) = 3(q5; q5)2∞〈q, q2; q5〉∞,
I2(1) = −3(q5; q5)2∞〈q, q2; q5〉∞;
which leads to G′(1) = I1(1)+ I2(1) = 0, i.e. G′(qn) = 0, that is to say, x = qn is also a double zero of G(x).
Therefore, F(x) is an entire and bounded function and must be constant thanks to Liouville’s theorem. All that remains
is to show that this constant is one. Of course, we can get it for an appropriately chosen value of x. For example, taking
x = $ = exp(2pi i/5), we see that
F(x) = F($) = G($)/H($) = 1
due to
G($) = (1−$ −$ 2 +$ 3)(q; q)∞(q5; q5)∞
= (1−$)(1−$ 2)(q; q)∞(q5; q5)∞
= (q; q)2∞〈$ ; q〉∞〈$ 2; q〉∞ = H($).
We complete the proof of the septuple product identity. 
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